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Gauge Invariance and Formal Integrability of the
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In the framework of the formal theory of overdetermined systems of partial
differential equations, it is shown that the Yang—Mills—Higgs equations are an
involutive, and hence formally integrable, system. To this end a key role is played
by the gauge invariance of the theory and the resulting differential identities
involving the field equations themselves. By applying a theorem of Malgrange,
an existence theorem for the solutions of the Yang—Mills—Higgs field equations in
the analytic context is thus obtained. The approach is within differential geometry.

1. INTRODUCTION

In the last decades classical gauge theories have been widely studied
by both mathematicians and physicists (Daniel and Viallet, 1980; Drechsler
and Mayer, 1977; Giachetta and Mangiarotti, 1989, 1990; Mangiarotti and
Modugno, 1985). In particular, the pure Yang—Mills and the Yang-Mills—
Higgs equations have been analyzed, and in some cases solved, using a
combination of analytic and geometric methods (Atiyah et al., 1978; Atiyah
and Hitchin, 1988; Garland and Murray, 1989; Jaffe and Taubes, 1980). The
classical solutions of these equations (instantons, vortices, monopoles, etc.)
have been revealed to be important not only on their own, but also for a
partial understanding of quantum theory (Abers and Lee, 1973; Faddeev and
Slavnov, 1991).

The aim of this paper is to study the geometric structure of the Yang—
Mills—Higgs equations and their solutions. We do this by considering the
formal theory of overdetermined systems of partial differential equations
(pde’s), particularly in the form given by Kuranishi (1967) and Goldschmidt
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(1967a,b). We show that the Yang—Milis—Higgs equations are an involutive
system of pde’s. Moreover, they are formally integrable. As a result we
also prove an existence theorem for the solution of these equations in an
analytic context.

Our work follows the lines of Gasqui (1982); DeTurck (1981), and
Giachetta and Mangiarotti (1994), where other equations of physical interest
have been studied within the formal theory of pde’s.

The organization of the paper is as follows. In Section 2 we briefly
summarize the main concepts of the jet bundle formalism. We also recall
two important results: a theorem due to Goldschmidt (1967b), which provides
sufficient conditions for the formal integrability, and a theorem by Malgrange
(1972a,b), which in the analytic context guarantees the convergence of power-
series solutions for pde’s which are formally integrable.

In Section 3 we turn our attention to the Yang—Mills—Higgs equations
following the lines outlined in the previous section. To the end of proving the
formal integrability of these equations, a key role is played by the differential
identities which involve the field equations themselves and result from the
gauge-invariance property of the theory. Moreover, other simple geometric
properties of the spaces and maps involved are used.

We hope that this paper may contribute to arousing interest in the formal
theory of pde’s and its use, which in our opinion is still widely unknown to
mathematicians and physicists.

2. FORMAL THEORY OF PDE’S
2.1. Jet Formalism

Throughout the paper all manifolds and maps will be smooth (C%).
Manifolds will always be paracompact, Hausdorff topological spaces. A
standard reference for material on the jet formalism is Saunders (1989).

If M is a differentiable manifold, we denote by TM and T*M its tangent
and cotangent bundles, respectively. The pth tensor, symmetric, and exterior
products of T*M are denoted by ®”T*M, v,T*M, and A*T*M, respectively.
We identify v, T*M and A’T*M with subbundles of ®”T*M by defining

Vv, = 2 au(l)®'”®ao(m

oSy
and
QA A, = 2 SgN O Oy @+ @ Qg(py
oeSy
forallay, ..., a, € T*M, where S, is the group of permutations of {1, . .., p}

and sgn o is the sign of 0 € §,,.



Yang-Mills-Higgs Equations 1407

If o € A’T*M and ¢ € AT*M, we define the wedge product ¢ A ¢
APHT*M by

e AYPX,, ..., Xpig)

1
= ; sgn & @(Xoy - - - » Xa(W XKooty - - - » Xopra)
1t O€9p+g

forall Xy, ..., X,., € TM.
Let a: E — M be a fibered manifold (i.e., a surjective submersion), with

m=dmM and m+[=dimE

The standard chart of E is denoted by (x*, y'), with 1 = A <mand | < i
=1

Let JE be the kth-order jet prolongation of , with k = 0 (J°E = E).
This is naturally a fibered manifold w*: JAE — M and a fiber bundle w§: J*E
— J'E, respectively, with 0 < h < k. The standard chart of J*E is denoted

by (x*, y5), with 0 < |B| < k, where B = (B,, ..., B,,) is a multi-index and
IBl = B, + --- + B,. We put

0=@,...,0, B+\N=(B,....,B\+1,...,B) (2.1
Y =Yo, YA =Yorn  Yhu = Yoenaws - - -

If s: M —> E is a (local) section, then j%: M — J*E is its kth-order jet
prolongation, whose coordinate expression is

O, yg) © jis = (&, dps)
where
ss=ylos and dgst = 9t - .- 9Bmgl

We will always put j¥s = j%s(x) for any x in the neighborhood where s
is defined. ;

We have a basic affine structure on jet manifolds; namely m§_,: J*E —
J*~'E is an affine bundle, for k = 1, whose vector bundle is the pullback bundle

J*E X v;T*M ® VE
E

As is well known, if m: E = M is a vector bundle, then ©*: J*E > M
is a vector bundle, too. Moreover, there is a morphism of vector bundles

(over M)
e ViT*MQE — JE



1408 Giachetta and Mangiarotti

given by

) L= if 0=IBl=k—1
H{y" : 2.2)

© MBTVyi=uh o if IBl=k

where (x*, ub) is the standard chart of v,T*M & E.

A pde of order k on E is defined to be a fibered submanifold R* — M
of m*: JXE — M. A solution of R* is a (local) section s: M — E such that
its kth-order jet prolongation js is a section of w*: R — M.

Let w': E' — M be another fibered manifold and let ®: J*E — E’ be
a morphism of fibered manifolds over M. Given a section s': M — E’,
we define

Rk = Kery,® = {p € J'E: ®(p) = 5’ o w(p)} 2.3)
and assume that
s'(M) C Im(P) and @ has locally constant rank 2.4)

Then one can show that R* is pde of order k. Note that any pde R* of order
k on E can be locally described as in (2.3) and (2.4).

Let (x*, y'") be the standard chart of E', with 1 = r < /. Then locally
the morphism @ is determined by the !’ functions

D, yh), 0=<IBl=k
equal to y'" o @ and the pde R* in (2.3) is defined by the equations
D(xN, yp) = s"7(xM), 0=1I1Bl=k

In what follows we shall be interested in a distinguished class of pde’s.
Let w': E' — M be a vector bundle and let ®: J*E — E' be a morphism of
fibered manifolds. We say that ® is quasilinear if there exists a morphism
of vector bundles

ag(®d): viP*MQ VE - E' (2.5)
over J*"'E such that
D(p + (wk_i(p), w) = P(p) + o(P)(wh_1(p), u)

for every p € JE and u € v,T*M ® VE projecting over the same point of
E. In other words, @ is quasilinear if it is an affine morphism with respect
to the affine structure of JXE over J*~'E. The map o(®), uniquely determined
by @, is called the symbol of @ and the pde defined in (2.3), (2.4) is said to
be a quasilinear pde.

In the standard charts a quasilinear morphism @ is determined by the
functions
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O (x, yh, ye) = ) EON, Yyl + W, yh),
I

O0<IBl=k—-1, |Cl=k

with Y/€(x*, yj) defining the symbol o(®P) of ®.
As is easily seen, if ® is quasilinear and o(®) is an epimorphism, then
® is a surjective submersion. Hence (2.4) is satisfied and

wi_ (R = J*'E (2.6)
Usually one denotes by

G*C R X v\T*M ® VE
E

the pullback over R* of the kernel of o(®). Sometimes G* itself is called the
symbol of ®. Of course, it has a structure of vector bundle over R* only under
suitable regularity conditions of a(®).

We now introduce a basic concept of the theory of pde’s, namely that
of prolongation. Let ®: J*E — E' and s': M — E’ be as in (2.4). The hth-
order prolongation of ® (A = 0) is the morphism

pu(®@): JHE — JhE"
(over M) defined by
pi(@)(j§Hs) = jUD o js) (2.7)
for every x € M and section s: M — E [po(®) = ®]. The subset
R = Kerjhy py(P) C JHE (2.8)

is called the Ath-order prolongation of the pde R*. For example, the first-
order prolongation p,(®) of ® is determined in the standard charts by

D, yp) o
a"'(br(x}‘, le) + ajcq)r(x)\? y’B)yJC+p,

It can be shown (Pommaret, 1978) that the prolongation depends on R* only,
and not on the morphism @ defining it. Obviously, the canonical projections
mithtl, JehE s JRRE B> 0, restrict to maps wiiAt !l REM — RE,

One can easily check that if ® is quasilinear, then so is its prolongation
of any order. The uniquely determined morphism of vector bundles

ou(®): Vi I*M Q VE 5 vT*M Q E’ (2.9)



1410 Giachetta and Mangiarotti

(over J¥"IE) is called the hth-order prolongation of the symbol o(®). It is
given by the composition
o{D)
Vi TFM @ VE = v,,T“‘M R viT*M & VE — v,T*M ® E'
(2.10)

where i denotes the canonical inclusion.
The pullback over R* of the kernel of o,(®) is denoted by

Gk+h - Rk X Vk+hT*M ® VE
E
This may fail to be a vector bundle even if G* is a vector bundle.

2.2. A Criterion for Formal Integrability

If M is a real-analytic manifold, £ and E’ are real-analytic fibered
manifolds over M, ®: J*E — E’ is a real-analytic morphism, and s": M —
E' is a real-analytic section, then the pde defined in (2.3), (2.4) is said to
be analytic.

Given an analytic pde R* of order k, we are interested in finding its
convergent power-series solutions in a neighborhood of any point x € M.
We call a point of R¥**, h = 0, a formal solution of R* of order k + h and
a point of R® = proj lim R*" a formal solution. Of course, the construction
of analytic solutions of R* demands a preliminary step. This consists in
seeking whether a formal solution of any order =k can be prolonged to a
formal solution. A sufficient condition is obviously that

the maps with*!: RETh+D 5 R B = (, are surjective  (2.11)

Then the following important theorem (Malgrange, 1972a,b) guarantees the
existence of convergent power-series solutions for analytic pde’s satisfying
2.11).

Theorem 2.1. Let R* be an analytic pde defined as in (2.3). Let x € M
and h = 0. If wiin*!: REP "+ 5 Ré*7 s surjective for all n = h, then for
every point p € RE™" there exists an analytic solution s: U C M — E of R
over a neighborhood U of x such that j¥*hs = p.

In general a direct check of (2.11) is not simple. Nevertheless, there are
criteria which allow us to verify the surjectivity of all maps (2.11) in a finite
number of steps. We say that R* is formally integrable if all maps (2.11) are
surjective submersions. The following theorem is due to Goldschmidt (1967b)
and gives us sufficient conditions for formal integrability. Combined with
Theorem 2.1, it leads to the existence of analytic solutions of analytic quasilin-
ear pde’s.
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Theorem 2.2. Let ®: JXE — E' be a quasilinear morphism and let R
be the corresponding quasilinear pde defined in (2.3) and (2.4). If

(i) G**'is a vector bundle over R¥
(i) wth RM' — R* is surjective
(iii) G*is 2-acyclic

y

then R is formally integrable.

The condition (iii) refers to the vanishing of some of the Spencer coho-
mology groups H*7//(G*). We do not need to go into details here for these
cohomology groups because we replace (iii) with a stronger condition,
namely:

(iii'’) For all p e Rk there exists a quasiregular basis of T, M for
G* at p.

This means the following. Let x € M and let (X,), with | = A\ = m. be a
basis of T, M. If (8") is the basis of T*M dual to (X,), then we denote by v, ;
T¥M the subspace of v,T}M spanned by 6% v --- v O, withj + | = p,
< .-+ = u, < m. For every p € R* we define

(G = (G N Vi TEM @ (VE),

where x = 7*(p) and e = w§(p). One says that (X)) is a quasiregular basis
for G* at p if

m—1
dim(G**"), = dim(G¥), + Y, dim(G"),; (2.12)
j=1

The condition (iii’) corresponds to the involutivity of the symbol G* of
R. A pde R* is said to be involutive if it is formally integrable and its symbol
G* is involutive.

3. YANG-MILLS-HIGGS EQUATIONS
3.1. Geometric Setup of the Yang-Mills—Higgs pde’s

Let P — M be a principal fiber bundle (dim M > 1) with a compact
structure Lie group G (Kobayashi and Nomizu, 1963). We denote by C —
M the bundle of all principal connections on P. As is well known, this is an
affine bundle whose associated vector bundle is T*M & VzP — M. Here the
quotient bundle VoP = VP/G — M is the vector bundle of right invariant
vertical vector fields on P. The standard charts of C, J'C, and J2C are denoted
by (X", a}), (x*, aj, ai)), and (x*, af, aj,», aj,.»), respectively [see (2.1)].
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Let A: M — C be a section, i.e., a principal connection on P (gauge
potential). Locally we write
(ot a) e A = (x, A)

where A} are local functions on M. The curvature of A (field strength) is the
following VsP-valued 2-form on M:

2
Fo Mo AT*M® VoP, F,=iFjdtade®e  (3.1)
F§, = 0\AL — 9,45 + ¢, ARAY,

(where e,) is a basis of the Lie algebra of G and the Lie bracket [e,, ¢,] =
cpqer defines the right structure constants of G.

Let V be a vector space on which G acts as a transformation group and
let E — M be the corresponding associated vector bundle. Sections &b: M —
E of this bundle are scalar (Higgs) fields. Standard coordinates on E, J'E,
and J2E are denoted by (x*, ¢°), (%, ¢, ¢, 1), and (", ¢, @, %, ¢,,.), respec-
tively. Locally we write

Ot @) o d = (2 )

where ¢’ are local functions on M. Let p: LG — End(V) be the Lie algebra
representation induced by the action of G on V.

A principal connection A induces linear connections on the vector bun-
dles VoP — M and E — M. We denote both of them by the same symbol
VA. Their connection parameters are determined by the following equations:

Vie, = cp,Aldx* ® e, (3.2)
VAej = —'plijﬁdxx ® €; (3.3)

respectively. Here (e;) is a basis of V and p}; = (€', p(e,)e;). The Higgs field
couples ‘minimally’ to the connection through the covariant derivative

Yap = ViO: M > T*M Q E, Yao = Yadx* ® e (G.4)
‘Yi = ax¢i - Pf;jAﬁd)j

Assume that M is an oriented manifold which carries a metric g of any
signature. Let / and k be inner products on LG and V] respectively, such that
the adjoint representation and the representation of G on V are unitary. We
want to study the geometric structure of the following system of pde’s:

VA% Fy =4 (3.52)
VA% v =0 (3.5b)
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where * is the Hodge operator and J, 4: M — A"~ 'T*M ® VEP is the current.
These are the Yang—Mills—Higgs equations with vanishing self-interaction
term. In coordinates they read

WS1g Py — Jiglc, ALFM + [figlpidiyt =0 (3.62)
n(J1gIy) + JIglphAly) = (3.6b)

Here we have defined
FM = h, ggHPFy, 3.7)
V= kgl (3.8)

and g = det(g,,), where g\,, h,, and k; are the coordinate expressions of
the metrics g, h, and k, respectively. The current J, 4 is given by

Jag = —P* *Yay (3.9
Jag = —\/_l_g_l_P‘}jd)ij‘wx ® e
with '
0= o and w=dx' A" Adx"

p* is a sort of pullback bringing E*-valued forms on M to V&P-valued forms
and whose definition is shown in the local expression (3.9).

Let L = C @ E be the Whitney sum of the bundles C - M and E —
M. We call L the Yang—Mills—Higgs configuration bundle. Let us consider
the morphism

m~—1 m
O JL > AT*MQ VEP D AT*M Q@ E*  (3.10)
DG2A, j2b) = [VA = Fy(x) — Jao(x), VA * v, 4(0)]

for all x € M and sections (A, ¢): M — L. From (3.7)-(3.9), (3.1), and (3.4)
it is easily seen that ® is quasilinear. According to (2.3), we define

R? = Kerg® = Kerd C JIL @3.1D

where 0 is the zero section of

m-—

1 m
AT*MQ VEP S AT M Q@ E*X > M

A pair (A, ¢) formed by a principal connection A: M — C and a Higgs field
&: M — E is a solution of the Yang—Mills—Higgs equations if and only if
its second-order prolongation (24, j2b): M — J°L takes values in R%.
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3.2. Involutivity of the Yang—Mills—Higgs pde’s

In what follows we will show that (3.11) is an involutive pde. To begin
with, let us verify that R? is a fibered submanifold of J:L — M, that is, a
pde of second order. To this end consider the symbol

n

n—1 m
o(®): ViT*M QL > ATMQ VEP D AT*M Q E*  (3.12)
of ®. Here
L=T"MQV,PBE->M

is the vector bundle on which L — M is modeled. Denoting the standard
chart of v,T*M ® L by (x*, u,,\", v,,,), from (3.7)—(3.9), (3.1), and(3.4) we
find that

o(D): Uy = V181h g2 PUrag® — trpo’) (3.13)
a(®): v, = Jlglk;g"v,/

Note that the symbol o(®P) is constant along the fibers of J'L — M. Note
also that it is the direct sum of two symbols, namely

o(@) =c(V*F) D a(V*vy) (3.14)
with

m-

1
o(V*Fy WM T*M ® VP - A T*M & VEP

and

o(Vxvy): WM QE > AT*M & E*

Here V *# Fand V * y denote the Yang—Mills and Higgs operators, respectively.
One can easily check that o(V * F) is determined by the following
composition of morphisms:

3 0 m—1
ViTFM Q@ T*M @ VogP 5> TEM Q VP — A T*M ® VEP  (3.15)
where £ acts as the identity on VP, while

EavB®y) =2, B)y — gla, VB — &(B. Vo (3.16)

forevery g: M > L, o, B,y € T*M; 7 is the tensor product morphism of
the Hodge operator on M and the metric isomorphism on VP induced by
h. The other symbol a(V * v) is the tensor product of the metric isomorphism
between E and E* induced by & and the morphism
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0 voT*M — AT*M, i avpB - 2o, B)/Igle ((B.17)
forall a, B € T*M.
Lemma 3.1. The symbol o(®) is a surjective morphism.

Proof. We show that both o(V * F) and o(V * ) are surjective morph-
isms. For every x € M, let (dx") be an orthonormal basis of T¥ M, i.e.,

0 if N#Fp
Hy =
g(dx’, det) {11 if A= p
Then consider the equations
2g(c, By —gl, VB —gB, Va=dx*, 1=A=m

Solutions to these equations are easily found; for example, y = gt*dx* and
oa =B = 1/\/—2- dx*, with o # A. Hence £ is surjective. Since 7 is an
isomorphism, it follows that o(V * F) is surjective. The surjectivity of
o(V * y) is evident. =

According to (2.6) and the comment preceding it, an immediate conse-
quence of this lemma is that R C J2L is a fibered submanifold over M and

wi(R?) = J'L (3.18)

Now we consider the first-order prolongation of &, i.e.,

p(®): JL - J‘(m/—\lT“M ® VEP D :T*M ® E*) (3.19)
From (2.7) and (3.10) we see that

P @A, jid) = VA * Fy — Jag) J (VA * yau)l (3.20)
for all x € M and sections (A, ¢): M — L. Let

m—1 m
o(®): ViT*"M QL 5> T*MQ ( A T*M Q VEP @ AT*M ® E¥*)

be the first-order prolongation of the symbol (3.12). Its coordinate expression
can be obtained directly from (2.10) and (3.13),

G[(CD)Z uavp)\r =V Iglhr.rg)mlgp'ﬂ(uv)\mBj - uv)\ﬂa:)
(D) v = VIglkgMvLS 3.21)

where (X", Ugyun'; Vou,') i the standard chart of v;T*M ® L. Moreover, from
(2.10) and (3.14) we see that

a(®) =0 (VxF) D a(V*y) (3.22)
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where

m-—

|
o(V*F): niIP*MOTMQ VP> T*M A T*M Q VEP

and

a(V*vy): viT*"M Q@ E —» T*M @ AT*M & E*

are the first-order prolongations of the symbols of the Yang—Mills and Higgs
operators, respectively. In accordance with Section 2.1, we denote the kernel
of o (®) by G

Next we show that the conditions (i) and (ii) of Theorem 2.2 hold. Let
A: M — C be a principal connection and let

m—

I m
W, J(ATMQ VEP) > AT*M Q VEP

be the morphism (over M) corresponding to the operator of covariant differen-
tiation with respect to A, i.e.,

Va(j10) = (V46)(x) (3.23)
for all x € M and sections 6: M — A™"'T*M ® VEP. Recalling (3.2), we have
W (0% 9,00 = (2, 3,00 — ¢, AL0})

Note that ¥, is a linear morphism. Its symbol

m—

1 m
o(¥): T*M Q@ A T*M Q VEP - AT*M Q VEP

is simply given by the wedge product. Note also that o(¥) actually does not
depend on the connection A. For the sake of brevity, let us denote by the
same symbol o(¥) the morphism

m—

I m m
o(¥): T*M Q ( A T*M Q VEP @ AT*M Q E*) - AT*M ® VEP

defined as the composition of o(\¥) with the natural projection onto the first
factor, i.e.,

m-—

1 m
T*M Q@ ( A T*M Q VEP @ AT*M Q E¥*)

m—1 a(W) m
S>T*MQ® A T*M Q VEP — AT*M @ VEP

The following lemma tells us that G? is a vector bundle.
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Lemma 3.2. The sequence
ai(®P) m—1

0G>5 TMQOL —STMQOI(ATM VéPEBAT*M@E*)

a(¥) m
—s AT*M @ VEP - 0

is exact.

Proof. Notice that the sequence decomposes into two other sequences,
ay(VEF) m—1

0 G >iP*M QO TM Q VP — T*M Q A T*M & VEP
a¥) m
— AT*M ® VEP — 0

and
o |(V*y)

055G > vT*MRE — 7*M®AT*M®E*—>O

We begin by proving that o(V * <) is surjective. By using (3.17) and
neglecting £ and E* in the tensor products, we find that

o (V*y)avBvd) =2(gla,B)d + g, dB +gB, & /lgln

for all a, B, and & € T*M. Let (dx) be an orthonormal basis of T¥M, x e
M. Then the equations

ag(V*y)avBvy =ddQ w, Il=sA=m
are solved by a = B = dx* and 8 = Jg**dx*, p # \. As for the other
sequence, from (3.21) we find
() 2 oV * F): = V18188 (pnag’ ~ tyurpa’)
= \/|—8T b (88" Pupnag’ — 8*P8MUruap”) = O

so that Im o|(V * F) C Ker ¢(¥). Now we show that Im o((V * F) D Ker
o(¥). Actually we prove the inclusion Im(§ « i) D Ker(a(W¥) o 1), which is
equivalent to the above one since : T*M ® VP — A™ !T*M @ V&P is an
isomorphism. Recalling (3.16) and neglecting V;P and VAP in the tensor
products, we find that

£oi: ViT*M @ T*M — T*M Q@ T*M
is given by
EoilavBvy®d) = 2g(c, Byy®3 + 2g(ct, YIB® B + 2g(B, v)a B B

— 8, 3)Bvy—gB davy— g davp
(3.24)
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for all o, B, v, 8 € T*M. In particular,
(eilavava®d) =6a®[ga a)d — gla, d)a) (3.25)

On the other hand, as one can easily verify, Ker(o(W¥) o 1) is generated by
tensors of the type p &® p, with g(u, w) = 0, and p @ p, with g, p) = 0,
g, w) # 0, glp, p) # 0; 1, p € T*M. Hence we are left with the problem
of solving the equations

6a @ [gla, a)d — gla, d)al
6o @ [gla, )b — g(a, da)

(U
L&p

These are solved by
o= pu, S such that —6g(w, d) =1
and

1
68(, 1) ©

respectively. Obviously a(¥) is a surjective morphism. Therefore the lemma
is proved. =

a =,

Our next task is to verify the condition (ii) of Theorem 2.2.
Lemma 3.3. The map m3: R® — R? is surjective.

Proof Let p e R? and let (A, d): M — L be a section such that p =
(j2A, jid). Consider then

m—1 m

e o p (DAL 1) € TEM® (A TEM ® (VEP), ® ATEM @ E¥)

Since p(P) is quasilinear, the fiber (R®), is not empty iff €™' o py(P)
(j3A, j2b) € Im o(P) or equivalently, due to Lemma 3.2, iff a(W) o e™! o
p(P)(j3A, jid) = 0. From (3.20) and (3.23) and since W, is linear, we get

o(¥) o €™ o p(PYIA, jid) = Waljx(VA * Fy — Ju )]
= (VAVA % F, — VAL, 0)(0)
Now using the differential identities
VAVA % F, = 0, ~VAe = p*VA % yuq
we find that
o(¥) e et o p (DA, jRd) = (p*VA * v, 4)(x)

and the result follows by using the field equation (3.5b). The first of the
above identities is a well-known identity involving the curvature of the
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connection, whereas the other is a consequence of the unitarity of the represen-
tationof GonV. =

Remark 3.4. Let us consider the case where a Higgs self-interaction
potential U: E — A™T*M is present. Then the second Yang—Mills—Higgs
equation (3.5b) becomes

VA * Yoo = fo (3.26)

where f = DU: E - A™"T*M & E* denotes the fiber derivative. In this case
the preceding discussion still holds true apart from Lemma 3.3. Indeed now
we have

o(¥) o €7 o p(P)IA, jid) = (p¥fp)(x)

and hence R® — R? is surjective iff p*f E — A"T*M & VEP vanishes
identically.
Consider the Lie algebra representation

X: M—)V(;P'—'MX: E—->VE
induced by p: LG — End(V). Locally it reads (Giachetta and Mangiarotti,
1990)
X = Xe, - uy = p,;X" i 2
r X P A @ 6q>i
As one can easily verify,

LU = (p*. X)

where &£,, denotes the Lie derivative and (,) is the natural contraction
between VP and VEP. It follows that Lemma 3.3 holds whenever the Higgs
potential U is gauge-invariant, ie., £,U = 0 forevery X: M —> VcP. @

Finally let us show that the condition (iii") of Section 2.2 holds.

Lemma 3.5. For every p € R’ there exists a quasiregular basis of
T, M for G* at p.

Proof. Let p € R? and let (dx*) be an orthonormal basis of T}M, with
x = w*(p). We have the following dimension counting:

dim(G? -1 = dim G (3.27)

dim(G?),,; = [(m — j)(”; —j*D_ 1](m dim G + dim V),

l=j=m-2 (3.28)
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dim(G?), = [in(_mle_) - 1](m dim G + dim V) (3.29)
and

dim(G?), = W (mdim G + dim V) + dim G (3.30)
The proof of (3.27) goes as follows. By definition, (GZ),,‘,,,_I = Ker

o(P),,—, where

st Van TEM O L, = A TEM ® (VAP), ® T*M ® E
is the restriction of a(P) to v, ,,- TEM ® L,. Using (3.16) and (3.17), we find
En1(dx™ v dx™ Q dx) = 2g™mdx* — 2g™Ndx™, I=A=m
Cm—1(dx™ v dx™) = 2™ Q w
thereby showing that dim(Ker &,_,) = 1 and dim(Ker {,,-;) = 0. Hence
dim(G?), -1 = dim(Ker §,_)dim G + dim(Ker {,,-,)dim V = dim G
To prove (3.28), note that

m—1
G((D)J: V2JT}|<M ® zx - A HM

® (VEP),

D ATEM

Q E¥, 1

=J

=m—2

is surjective and hence the sequence
(@) m-1 m

0= (GYy; = Vo, TIMO L, —> A TEM® (VEP), D ATEM ® E¥ — 0

is exact. The equality (3.29) is an immediate consequence of Lemma 3.1.
As for (3.30), from Lemma 3.2 we find

dim(G), = (’" ; 2>(m dim G + dim V) — dim{Im o,(®)]
= ('" ;’ 2)(m dim G + dim V) — dim[Ker o(¥)]
= [(’";2) —m](mdimG+dimV)+dimG

3+ 2 _
="‘——3’gﬂ(mdimc+dimw+dimc
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It follows that

m=—1
dim(G?), + Y, dim(G?),;
i=1

J

- ["1(’"_2*‘2 - 1](m dim G + dim V)
m-2 — 3 — i+
s [(m j)(”; it 1](m dim G + dim V)
i=1 -
+dim G
and since
miz(m—j)(m—jJr H_m-m-6
j=1 2 6
we find

m—1
dim(G?), + 3, dim(G?),,
j=1
3 + 2 _
= T——g"g—ﬂ (m dim G + dim V) + dim G = dim(G®), =
Summarizing the discussion of this section, we have shown that the
Yang—Mills—Higgs pde (3.11) is involutive and hence formally integrable.
Now assume that the principal bundle P — M and the metric g of M are
analytic. Then R? in (3.11) is an analytic pde and Theorem 2.1 leads us
directly to the following theorem.

Theorem 3.6. Let the principal bundle P — M and the metric g be
analytic. For any x € M there is an analytic solution (actually many analytic
solutions) (A, ¢) of the Yang—Mills—Higgs pde’s over a neighborhood of x.
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